We perform some systematic numerical search for Schwinger boson mean field states on square and triangular lattice clusters. We look for possible inhomogeneous ground states as well as lowenergy excited saddle points. The spectrum of the Hessian is also computed for each solution. On the square lattice we find gapless U (1) gauge modes in the non-magnetic phase. In the Z2 liquid phase of the triangular lattice we identify the topological degeneracy as well as vison states.
I. INTRODUCTION
Quantum antifferomagnets can display complex many body phenomena, with rich phase diagrams, exotic states of matter with emerging degrees of freedom.
1 Indeed, minimizing a rather simple looking interaction like the Heisenberg one, S i · S j , can lead to a vast variety of states of matter, depending on the size S 2 i = S(S + 1) of the spins, the space dimension, geometry of the lattice, or relative strengths of possible competing interactions (frustration, etc.). In fact, after many years of theoretical investigations, the nature of the ground state of the spin-1 2 Heisenberg model remains controversial on several two and three dimensional lattices. Some of the most interesting states that can be stabilized at T = 0 are called spin liquids and have no direct classical analogs. These systems remain rotationally invariant down to zero temperature. There is a whole zoo of possible spin liquids, and the most exotic one have low energy excitations which carry a half-odd-integer spin (unlike conventional spin waves).
There are rather few theoretical tools that are able to describe the limit of strong quantum fluctuations (small S) for these systems, and spin liquid phases in particular. Among them, the so-called large-N techniques, introduced by Affleck for spin chains, 2 play a central role. By generalizing the symmetry group of global spin rotations from SU(2) to some larger group like SU(N ) or Sp(2N ), 3 the model can be solved in the limit N = ∞. Of course, the physics for N = 2 needs not be simply related to that at N = ∞. However, the success of these approaches is in part due to the fact that a number of interesting states that can be realized for SU(2) models, also exist in the N = ∞ phase diagrams. In particular, the N = ∞ models are not restricted to have magnetically ordered ground state, and can have resonating valence-bond spin liquids ground states with fractionalized excitations and emerging gauge degrees of freedom. Furthermore, the effect of finite-N corrections (both perturbative 4, 5 and non-perturbative ones 6 ) can be addressed.
In this work we consider a particular large-N limit, the so-called Schwinger boson mean field theory (SBMFT). 3, 7 It has been applied to many twodimensional systems, such as the J 1 − J 2 square, 8 
triangular,
9-12 honeycomb 13,14 , kagome, 9,15-17 kagome with further neighbor interactions, 17, 18 or ShastrySutherland 19, 20 or CaV 4 O 9 , 21 lattices. This limit can in particular stabilize magnetically ordered (Néel) states as well as Z 2 spin liquids with gapped spinons. 9 The model contains N flavors of spin- [A] . When N is large it is therefore natural to perform a saddle point expansion. At the saddle point the bond-field fluctuations are frozen, and the effective Hamiltonian is simply quadratic in the spinon operators. So the action can be computed with the help of a standard Bogoliubov transformation. Finding a the large-N ground state thus amounts to solving a classical minimization problem.
Previous SBMFT studies have mostly been focused on the ground state properties at N = ∞. However, as a first step to understand the effects of finite-N corrections, it is interesting to have access to the low-energy energy landscape of saddle points. Although the system is locked into the lowest one when N = ∞, the (large but) finite-N physics must include some fluctuations between different low-energy saddle points, as well as some (perturbative in 1/N ) fluctuations in the vicinity of each of these saddle points. Our goal here is to provide a quantitative description of some excited saddle points.
In order to reduce the number of variables, it is almost always assumed that the lowest-energy state preserves most (or at least some) of the lattice symmetries (see Ref.
22 for a notable exception). In practice most numerical studied have so far been restricted to solutions with a unit cell including a few sites only. This is a reasonable assumption for the ground state, and we confirm validity in several cases. However, since we are interested here in excited saddle points, we need to be able to compute some spatially inhomogeneous states as well. We will however limit ourselves to time-independent solutions.
In this work perform some extensive numerical minimization to look for the ground state and low-energy excited states on clusters containing up to 144 sites. We compare the results we obtain on two different lattices (square and triangular) and for different values of the boson density ("spin") κ.
II. SCHWINGER BOSON MEAN FIELD THEORY
To keep this article self-contained, this section presents the basic ideas and notations of the SBMFT (see also Refs. 23, 24 ). "up" and "down" bosons operators (σ ∈ {↑, ↓}), carrying a S = 1/2, are introduced at each lattice site: b
The SB mean field approximation -which can be formally justified in a large-N limit of the model-consists in decoupling the quartic terms and to add some chemical potentials λ i to tune the average number of boson at each site site (instead of Eq. 4). The resulting mean field Hamiltonian is
where x is the conjugate of x, A ij are complex link variables with property A ij = −A ji . It is also possible to write a mean field theory keep simultaneously both operatorsÂ andB on each bond. 25, 26 This will however not be considered here.
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It is convenient to write H MF by grouping the creation and annihilation operators in a vectorφ
t , where N S is the number of sites in the lattice. Eq. 12 then reads:
where the M is a 2N S × 2N S matrix :
For simplicity, we restrict the discussion to finite systems where H MF has a gapped spectrum (possibly vanishing in the thermodynamic limit). The ground state exists and its spectrum is gapped if and only if the the matrix M is positive definite. 28 We define a diagonal 2N S × 2N S matrix σ: σ = −1 0 0 1 and, with the gap condition, σM is diagonalizable (although not Hermitian) and has pairs of real eigenvalues ±ω n=1···N S , where the ω n > 0 are the of the Bogoliubov modes of H MF . The ground state energy of H MF is given by
(remark: in a large-N formalism, this corresponds to the energy per flavor). The self consistency is reached when A ij =<Â ij > GS , which is equivalent to ∂E/∂A ij = 0, where E is the energy of the ground state of H MF . The average number of boson per site is equal to 2S (Eq. 4) at the point(s) where ∂E/∂λ i = 0. Since ∂ 2 E/∂λ 2 ≤ 0 (see this footnote 29 ), this point corresponds to a maximum of
For fixed {A ij }, this allows to use a maximization algorithm to determine the chemical potentials
In a similar way, the self-consistent
A. Gauge invariance and fluxes
The solution of this system of equations is not unique, at least because of the U (1) gauge invariance of the Hamiltonian. Under the gauge transformation
the physical operators (as S i or H) stay unchanged. In other words, the bond parameters A ij label the physical state in a redundant way. Using gauge transformations we can fix the phases of some A ij , without changing any physical observable. This decreases the number of variables to be optimized, and is therefore useful in numerical studies.
The moduli |A ij | are of course gauge invariant quantities, simply related to the energy. But some combinations of complex phases around closed loops are also gauge invariant. Consider the following operatorÂ i1i2···i2n :
This operator is defined on any loop with an even length on the lattice and is manifestly gauge invariant. Its mean field (or large-N ) counter part
gives the flux φ i1i2···i2n = arg(A i1i2···i2n ) recently discussed by Tchernyshyov et al.
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In general, the number of variables (all the moduli, plus some phases) grows with the system size. Since it is quite difficult to perform an exhaustive search for mean field solutions if the number of parameters is extensive, the usual strategy is to decrease the number of bond variables by assuming that the ground state solution preserves some (or all) symmetries of the lattice. There are however some examples where the lowest energy solution spontaneously breaks some symmetries (kagome clusters with 36 or 48 sites 31 ).
III. NUMERICAL METHOD
We describe an algorithm to find saddle points (selfconsistent mean field state), local minima, and (hopefully) global energy minima.
A. Determination of the chemical potentials
For given values of the bond parameters A ij , one should first adjust the chemical potentials (λ i ).
The basic idea is to perform a (non-linear) least-square minimization of i f 2 i , where f i ({λ i }) = n i − κ is a function of the chemical potentials. Since each density n i is an increasing function of λ i , this method converges relatively rapidly. To do so, we use an implementation of the Levenberg-Marquart algorithm. 32 To make the method faster, we provide the gradient matrix G ij = ∂ ni ∂λj explicitly. G ij is easy to compute using linear-response theory (using the matrix which implements the Bogolibov transformation, as well as the energies ω i ). The iterative minimization should start in a region of the space of λ where the Bogoliubov transformation exist (M > 0). If the values of λ obtained at the previous step do not satisfy this condition with the new {A ij }, one starts the least-square minimization of i f 2 i from a sufficiently low and uniform λ.
Finally we note that for some values of the bond parameters A ij , there is no uncondensed state satisfying n i = κ. If such a situation is encountered, we add some artificial energy penalty so that the energy-minimization algorithm (next section) tends to escape this point.
B. Optimization of the bond parameters Aij
Equipped with a procedure to compute the λ i as a function of the A ij , we can start to look values of A ij which correspond to self-consistent mean field states. The first stage is simply to iterate the bond selfconsistency conditions in the usual way: 0 We start from initial random bond values (or perturbing a previously found solution).
1 After adjusting the λ by the procedure above, the ground state is obtained by Bogoliubov transformation, and the expectation values A ij are computed.
2 The bond parameters are replaced by the values above. The new bond parameters are gaugetransformed to a fixed gauge choice where a maximum number of bond parameters are set to be real. This avoids some possible slow drift of some complex phases of the A ij which would be non-physical.
3 Go back to step 2 until the bond parameters do not change by more than a small threshold .
This method was used by Hermele et al. 22 in a similar context. It is easy to check that local minima are attractive for these iterations while local maxima a repulsive. More precisely, the error will decrease (resp. increase) in the directions corresponding to eigenvectors of the Hessian (anticipating on Eq. 20) with positive (resp. negative) values. The convergence is faster if the Hessian eigenvalues are large and positive. It practice, the iterations above allows to quickly go down in energy, but it is not efficient to achieve a full convergence when the system has more than ∼ 10 bonds or so. Indeed, it turns out that a high accuracy is required to resolve the possibly small differences (bond modulations, etc) between different saddle points. at fixed densities n = κ. The later is again obtained using linear-response theory, with the additional complexity that it contains some terms coming from the variation of the λ :
As for the first stage, we work with bond variables corresponding to a fixed gauge choice. In particular, the matrix of Eq. 19 is evaluated in the subspace of bond parameter variations which is orthogonal to pure gauge transformations. This is important to get rid of unphysical slow phase drifts during the iterations. Most of the time a double precision accuracy in reached in less than 10 Levenberg-Marquart iterations when the system has less than one hundred bonds or so.
Finally the optimization is repeated using at least a few hundred (often thousands) of random initial conditions for the A ij . This is relatively time consuming since each evaluation of the energy (or its derivatives) requires a numerical adjustment of the chemical potentials (Sec. III A), which is itself a (convex) least-square problem with many variables.
Varying the parameter (stopping criterion for the iterations of stage 1) allows to tune if the method will converge toward very low-energy saddle points (small ), or saddle point at higher energy (larger ). If is very small (say 10 −5 ) the first stage will terminate close to the ground state and the second step (least-square) will converge to the ground state with high probability if the system is not too large ( < ∼ 100 bonds). On the other hand, if is too large, the first stage will stop at some relatively high energy configuration. In such region of the A space we expect a very (exponentially) high density of saddle points. In practice this density of saddle point is so high that the program will find a new solution at every run, and a given saddle point will rarely be obtained twice. The best choice is to adjust so that the iteration stage leads to configurations in a typical energy range above the ground state where the number of saddle points is not too large (a few tens). In such a case, after a sufficiently large number of runs, one obtains the full (or almost full) list of saddle points in that energy window. Of course, due to the large number of variables, one cannot exclude the presence of some additional saddle points with a small basin of attraction with respect to this algorithm.
C. Hessian and stability
The least-square procedure described above leads to self-consistent mean field states, satisfying A ij = Â ij . These states are saddle point of the energy (considered as a function of the A ij , and the chemical potential being themselves functions of the A ij ). To check if each mean field state is a local minimum, local maximum, or generic saddle points with stable as well as unstable directions, we compute the Hessian matrix:
where l and l represent two bonds and and denote the real or Imaginary part of the bond variables (see Eq. 19 for derivatives of the bond expectation values at fixed densities). Due to the gauge invariance of the model, the Hessian contains some zero eigenvalues associated to infinitesimal gauge transformations. The number of such gauge modes can be computed on each given lattice (using the rank of a modified adjacency matrix of the lattice 33 ), and these non-physical zero eigenvalues are of course be discarded when discussing these solutions. For the clusters studied here, the number of zero eigenvalues is always equal to the number of pure gauge modes, so we can conclude that there is no physical zero mode in the Hessian. The sign of the smallest non-zero eigenvalue of K tells us whether the mean field state is a local minimum, or an unstable saddle point.
The spectrum of the Hessian for the ground state gives some information about the magnitude of the 1/N corrections due to Gaussian fluctuations in the vicinity of the energy minimum. Finally, the spatial structure of the lowest eigenvector of the Hessian gives some information about the physical nature of these fluctuations.
IV. NUMERICAL RESULTS

A. Square lattice
The SBMFT phase diagram is well known on the square lattice: magnetic long-range order for κ > ∼ 0.39 7 and a disordered phase with gapped spinons for κ < ∼ 0.39 ("Coulomb" phase, unstable at finite-N 6 ). In the ordered phase the spinon gap drops as ∼ 1/N s (N s is the number of sites) and Bose-condensation occurs in the thermodynamic limit, leading to spontaneous break down of the spin rotation symmetry. By considering here only finite clusters, the ground state is always rotationally invariant and the gap finite. Still, both phases can be distinguished using standard finite size-scaling for the gap or spin-spin correlations. We will discuss how the "energy landscape" of mean field saddle points differ between the two phases.
Hessian of the ground state and gauge modes
We did some extensive search for saddle points on square lattices with 36 sites and with κ = 0.1 and κ = 1. The ground state, as expected, is spatially uniform, real, and has a vanishing flux on all the square plaquettes, whatever the boson density. However, the spectrum of the Hessian is quite different in the magnetic phase and in the disordered phase.
In Fig. 1 the smallest eigenvalue of the Hessian (Eq. 20) is plotted as a function of the κ for different system sizes (up to 144 sites). Although finite-size effects are important, these data indicate that the Hessian is gapped in the thermodynamic limit for large κ, while it becomes gapless for small κ. The transition very likely coincides with that of magnetic long-range order.
The gaplessness of the Hessian in the disordered region is due to the bipartite character of the lattice. On a bipartite lattice, the bond parameters are invariant under staggered gauge transformations:
which, in Wen's terminology, 34 means that the invariant gauge group (IGG) is U (1).
If we perform a spatially varying gauge transformation including the staggered factor we get
where r (resp. r ) is on the even (resp. odd) sublattice. Starting from a state described by A 0 rr we construct a phase fluctuation of the bond parameters parametrized by a rr ∈ R: (25) From Eq. 24, a rr transforms as a conventional U (1) gauge field:
So, if we denote by E({a rr }) the energy of the perturbed mean field state (after the appropriate adjustment of the chemical potentials), the energy should be gauge invariant under Eq. 26.
In the small-κ phase where the bosons are gapped and their correlation length is short, E({a rr }) should be a local (short-ranged) function of the fluctuation a rr .
The simplest local term compatible with gauge invariance would be the lattice version of the magnetic energy ( ∇ × a) 2 , and would take the form of the square of the circulation of a around small loops (this can also be obtained from a small-κ expansion 30 ). This would give an Hessian eigenvalue scaling as the square of the smallest available wave-vector, that is ∼ 1/L 2 ∼ 1/N s (L the linear size and N s the number of sites). Such modes are indeed found in the spectrum of the Hessian and correspond to the second non-zero eigenvalue. The associated eigenvector is displayed in Fig. 2 . The thickness of each bond l is related to the modulus |dA l | while the color represents the complex argument of dA l /A l . In the present case, these complex arguments take only two values: ±π/2 (blue and yellow), indicating that dA is a gauge mode of the form of Eq. 25, with dA l /A 0 l ∼ ia l ∈ iR. In the present case a l ∼ cos(2πx l /L) for a vertical link l (oriented from the even to the odd sublattice) at horizontal position x l , and a l = 0 on horizontal bonds. This gauge model may be viewed as a low-energy "photon" of the effective gauge theory. 6 In fact the numerical data indicate that the lowest eigenvalue of the Hessian decays faster than 1/N s (Fig. 1) . The associated mode is represented in Fig. 3 , and is also a gauge mode (dA l /A 0 l is purely imaginary). Inspecting the sign of a l one sees that it corresponds to a change in the "global" flux associated to the large loops encircling the torus while local loops are unaffected by this gauge mode. The structure of this eigenvector of the Hessian turns out to be the same for all system sizes we studied. We expect its eigenvalue to decay exponentially with the system size in the small-κ phase.
In the Néel phase, E({a rr }) need not be short-ranged and the argument above fails. Indeed, the spinons are charged particles for the gauge field and their condensation gaps out the gauge degrees of freedom (AndersonHiggs mechanism). In the Néel phase, computing the boson energy in presence of a global flux (through loops encircling the torus) amounts to impose some twist on the spin directions and the finite spin stiffness ρ naturally leads to an energy cost proportional to the square of the flux, and leads to a finite Hessian eigenvalue proportional to ρ. In turn, the finite Hessian gap in the Néel phase indicates a relative stability of the mean field state with respect to Gaussian 1/N corrections. For κ = 1 (Néel phase), our search for saddle point on the 36 site cluster shows that the ground state (−30.93605205126) is well separated from the first excited saddle point (E = −28.82425530821, Fig. 4 ). No local minimum was found at low energy (see Tab. I), but only saddle points. In addition, the excited saddle points turn out to have very unstable directions (strongly negative Hessian eigenvalues). There might be some other mean field states in the energy range of Tab. I, but these should have rather small basin of attraction with respect to our search algorithms, since this list of the twelve lowest energy state is stable after thousands of runs starting from random initial conditions.
The first excited saddle point is displayed in Fig. 4 . It takes the form of an excitation localized around one site (here site number 14). This state is chiral, with a flux equal to ±0.40461332π on the four square plaquettes touching the center of the excitations. The flux then decreases quickly with distance (see caption of Fig. 4 ), but the fact that some non-trivial fluxes (different from 0 or π) around the center of the excitation shows that it induces some non-planar spin-spin correlations. Far from the center of the excitation the spins remain in a collinear and in an ordered structure, as can be seen on the spin-spin correlations displayed in the bottom panel
Here dA is a gauge excitation, it corresponds to a long wavelength modulation of the flux through each plaquette. Here the wave-vector is parallel to the horizontal bonds. This gauge mode is associated to the smallest non-zero wave vector on the square lattice and is therefore four-fold degenerate.
of Fig. 5 . As for the center spin (number 14), it is correlated with its neighbors, but it is very weakly correlated ( S 14 · S i 0) with the sites which are far apart (top of Fig. 5 ). Although the system is magnetically ordered, this point-like "defect" does not seem do have a simple semi-classical analog. Interestingly, a similar point-like "defect" excitation is found in the ordered phase of the triangular lattice. For κ = 0.1, the ground state on the square lattice is still uniform and without any flux, but the spinon gap ( Fig. 1 ) remains finite in the thermodynamic limit. This mean field state has been argued 6 to be unstable at finite N , due to strong gauge fluctuations. The finite N ground state is believed to spontaneously break some lattice symmetry to form a valence-bond crystal (VBC). In fact, the mean field energy landscape is very different from the one observed in the the magnetic phase. The first local minima and saddle points are listed in Tab. II.
We observed a high density of local minima and saddle points, with very small Hessian eigenvalues. This high density of excited saddle points reflects the presence of some strong gauge fluctuations at (large but) finite N . We note that several such saddle points display modulations of the bond amplitudes |A| which have the same symmetries as the VBC previously considered for square Fig. 4 . Solution b has the same spatial structure (two-fold degeneracy) as the one shown in Fig. 6b . Fig. 6 , and solution c is shown in Fig. 7 .
lattice antiferromagnets. The first excitations (line a in Tab. II) shows a one-dimensional modulation, which is predicted to occur at finite N when κ = 2 mod 4.
6 And among the highly symmetric solutions we also note a plaquette VBC (E = −1.82534862050) (Fig. 6 ). This state does however not correspond to a simple VBC since it is a complex/chiral solution with non-trivial (different from 0 or π) fluxes on all the square plaquettes. See also Fig. 7 for another VBC-like state. According to the analysis of Read and Sachdev, non-perturbative gauge fluctuations (proliferation of hedgehogs point-like instantons) are responsible for the lattice symmetry breaking at finite N , leading to a modulation of |A| which is exponentially small in N . The mechanism is somewhat different here since we observe VBC-like low-energy saddle points although gauge fluctuations are completely absent (all the A ij are frozen in the SBMFT).
B. Triangular lattice
Hessian of the ground state
On the triangular lattice we find that the lowest energy state corresponds to the (spatially uniform) solution studied by Sachdev 9 (0-flux state 15 ) and leads to magnetic long-range order ( √ 3 × √ 3) for κ > 0.34, and a gapped and deconfined Z 2 liquid for κ < ∼ 0.34. As usual, these two phases can be distinguished by the spinon gap: it drops to zero when increasing the system size in the magnetic phase and stays finite in the liquid phase (see Fig. 8 ).
The Hessian has a large lowest eigenvalue, which indicates the stability of this mean field state with respect to 1/N fluctuations. The evolution of this lowest eigenvalue is plotted in Fig. 8 . It slightly decreases with the system size (comparing 36 and 144 sites), but is certainly finite in the thermodynamic limit. Contrary to the square lattice situation, one does not detect any dramatic change of behavior between the gapped phase and the magnetic one.
In fact, since the lattice is no bipartite, the IGG of the uniform mean field state is discrete (Z 2 ) and we do not expect any gapless modes associated to small perturbations A ij = A 0 ij + dA ij = with |dA ij | 1. Still, important Z 2 (gapped) gauge excitations are expected in the spin liquid phase, and they will be discussed in Sec. IV B 3.
The lowest eigenvector of the Hessian is represented in Fig. 9 for κ = 0. 
Excited mean field solutions
In Tab. III we list these first mean field states obtained for κ = 1 in a 36-site sample. As for the square lattice in its magnetic phase, we only find saddle points and no local minima among the first states. The first excited saddle point is at an energy 0.94927 above the ground state and this gap is very likely finite in the thermodynamic limit. This excited state has the spatial structure of a localized excitations (Fig. 10 ) which resembles that of the square lattice. Finally, we note that contrary to the square lattice case, the lowest energy states of Tab. III have real bond amplitudes (more precisely: can be made real with an appropriate gauge choice), indicating the coplanar nature of their spin-spin correlations.
For small enough κ, the SBMFT describes a gapped spin liquid of Z 2 type.
9,15 Tab. IV gives the first saddle points obtained at κ = 0.1. The ground state is uniform and all the rhombi have a vanishing flux, as expected. The first excited saddle point has slight modula- tions (∼ 6.10 −4 ) of the bond amplitudes (Fig. 11 ). This state also has vanishing fluxes on all the rhombi, but it differ from the ground state by the presence of an additional flux π along some long loop winding around the torus (three possible choices). These three states become homogeneous in the thermodynamic limit and degenerate with the ground state. With the ground state they form the four-fold topological degeneracy of the Z 2 liquid on a torus. 3, 35 These states were found by the optimization algorithm starting from random initial conditions, and not "forced" by hand. We are thus confident that the method is able to find the low energy solutions in a systematic way on small clusters at least up to a few tens of sites and bonds.
Above the four topological ground states we observe many saddle points which do not show any simple/regular spatial pattern (high number of inequivalent sites and bonds). These states have energies significantly below the first vison-pair state we have found (last line in Tab. IV and Fig. 12 ). Due to the presence of complex fluxes (not 0 or π), these states do not have a simple interpretation in terms of the Z 2 gauge field. The presence of these some additional degrees of freedom is somewhat intriguing since the low-energy description of such a short-ranged RVB phase is expected to be Z 2 a gauge theory coupled to gapped spinons.
Visons
A Z 2 liquid possesses non-magnetic excitations named visons, which correspond to π-flux quanta of the effective Ising gauge theory. 6, 35 In a finite system (without boundaries) the number of vison is necessarily even, and a trial vison-pair state can be constructed as follows. One starts from the uniform mean field ground state and one reverses the sign of the bond parameters A ij for all the bonds ij crossing a cut extending from the a first plaquette to a second one. The gauge flux is then concentrated in the immediate vicinity of these two plaquettes which correspond to the vison core positions. Any gaugeinvariant operator far from the vison cores is unaffected by this modification.
Due to the presence of flux π for each loop encircling a vison core, such a trial state is in general not selfconsistent ( Â ij = A ij and n i = κ). To obtain a self-consistent state (saddle point) the bond moduli as well as the chemical potentials should be re-adjusted in the vicinity of the vison cores. We obtain numerically such self-consistent vison-pair states by looking at the nearest saddle point in the vicinity of the trial state (second stage of the algorithm described in Sec. III B). These gives access to some energetics of the visons, and to their energy as a function distance in particular.
Typical vison-pair solutions are displayed in Fig. 12 and Fig. 13 . The modulation of |A| in the vicinity of each vison is clearly visible, as well as the higher (less negative) chemical potentials in the core regions. In this case (κ = 0.2) the vison core radius is of the order of two lattice spacings. These excited states are however not local minima, but saddle points. In all the cases considered here (vison distance from 2 to 4 √ 3) we find four negative Hessian eigenvalues, with a rather weak dependence on the vison separation.
A calculation of the bond modulations in a vison meanfield state was recently carried out by Huh, Punk and Sachdev 36 using and effective model valid in the limit of large spinon gap. Their result indicates that |A ij | decreases on all the bonds close to the vison core. In our calculation it appears that the some moduli are indeed depressed, but some are also enhanced (red bonds in Fig.12 and grey bonds in Fig. 13 ).
Some aspects of the visons energetics are summarized in Fig. 14 . In the large-N framework, these energies should be multiplied by a factor N . It can be checked that their mutual interaction is very weak, since the total energy hardly depends on the distance, as expected in a gapped Z 2 liquid phase. These calculations also provide some information about the spinon-vison interactions. This question is important since vison-spinon bound states have fermionic mutual statistics. 35 It appears however that the spinon gap ∆ is slightly higher in presence of a vison pair than in the ground state (∆ 0 ). This indicates some vison-spinon repulsion and makes unlikely the existence of a bound-state between these two excitations.
We investigated the effect of inserting two π fluxes far apart in the magnetic phase of the model. Since the system is magnetically ordered, visons are no longer lowenergy excitations. Starting from a vison-pair trial state we look for the nearest self-consistent mean field state. A typical result is shown in Fig. 15 , where the initial state was chosen to have two localized visons at the same locations as in Fig. 13 . At the end of the numerical optimization (stage 2 only), it appears the algorithm has converged to a (unstable) saddle points where some additional pairs diamonds with flux π are present. These additional fluxes form an elongated ring enclosing the two initial vison cores. Contrary to the vison-pair states in the liquid phase, the spin-spin correlations are strongly modified all the way inside the ring (bottom panel of 15). Indeed, the three sublattice is destroyed, although the spin-spin correlations remain large (black circle radii). This state appears to be similar to a classical vortex/antivortex pair.
V. SUMMARY AND CONCLUSIONS
We have developed a numerical method to explore the low-energy SBMFT solutions on finite clusters up to one hundred bonds, without any assumption on the symmetries of the solutions. The algorithm is able to determine the global energy minimum, the spectrum of its Hessian matrix, as well as excited saddle points. The high numerical accuracy allows to resolve saddle points with small energy differences and wery weak spatial modulations. The Bogoliubov spectrum of spinons excitations has already been discussed at length in the litterature on SBMFT. In this work we instead focused on the non-magnetic excitations associated to small (quadratic) bond fluctuations in the vicinity of the ground state, or those which correspond to excited saddle points.
At low κ the SBMFT describes spin liquids with gapped spinons. In the square lattice case our calculations confirmed that some low-energy non-magnetic excitations are associated to gauge degrees of freedom. These excitations are gapless, and linearly dispersing U(1) "photons". They are associated to the first eigenvalues of the Hessian describing small amplitude phase fluctuations in the vicinity of the ground state. As expected we observe that these photons get gapped when entering the magnetically ordered phase, due to spinons condensation. On the triangular lattice, we found saddle points corresponding to pairs of Z 2 vortices (visons). We presented some results concerning the energetics of these visons (gap and and weak mutual attraction).
In addition to these excitations wich are qualitatively well undertsood, the SBMFT energy landscape revealed in all cases a large number of low-energy excited saddle If S0 · Si is positive while S1 · Si and S2 · Si are negative, the site i is said to belong to the "0" sublattice (blue circles). Likewise, the site which are positively correlated with site 1 (resp. 2) are marked in red (resp. green). The other sites are marked in black and the radius of the circle is proportional to the maximum of | S0 · Si |, | S1 · Si | and | S2 · Si |. The diamonds have vanishing flux except for those marked by a grey circle, which have a flux π (see text).
points which do not appear to correspond to some intuitively simple excitation. For instance, on the triangular lattice, the presence of low-energy saddle points with complex/chiral fluxes do not have a simple explanation in terms of the Z 2 gauge degrees of freedom which are expected to describe the low-energy physics of a short-range RVB spin liquid. This surprising observation clearly deserves further investigations. Can they be related to some real spin excitations or are they specific to the N = ∞ limit ? Can they provide some information about the finite N fluctuations ?
In the magnetic phases of the square and triangular lattice models, the first excited saddle point turn out to be a point-like object, with some spin "texture" localized around some core. This texture appear to be planar in the triangular case and non-planar in the square lattice case, but here also the precise connnection with spin excitations of an SU (2) model is not obvious. The present study is probably just a first descriptive step toward a better understanding of this large N limit.
We finally mention that, on the kagome lattice, this approach also reveals a complex landscape with tiny energy scales, and some unexpected symmetry breaking in the (mean-field) ground state of small clusters. Work is in progress to determine the actual ground state symmetry on larger clusters (108 sites in particular), where none of the two well-studied states ( √ 3 × √ 3 and q = 0) is the the lowest-energy state for kappa = 1. 
